This paper presents an adaptive controller for a position tracking problem of a skid-steer mobile robot. First, a non-adaptive control law is designed by the backstepping method, where the reference signals are generated by a non-holonomically constrained kinematic model in order to make it easy to construct a Lyapunov function candidate. Then an estimator for unknown cornering stiffness is designed based on the Immersion and Invariance (I&I) approach, where the manifold is properly designed to reduce the effect of the estimation error on the tracking performance. Finally it is shown that the closed-loop system can be uniformly ultimately bounded, and numerical simulation shows the effectiveness of the proposed controller.
Introduction
For some decades, control of wheeled mobile robots has been a very active research field. Wang (2008) provides good perspective for controller design from a viewpoint of kinematics. One of the authors reviewed the recent control strategies in this fields (Yokoyama, 2013) . In particular, non-holonomic vehicles have been received considerable attention (for example, Katayama et al., 1990 , Dixon et al., 2002 . It is well known that the integrator backstepping method provides a systematic design procedure for the so-called strict-feedback systems including non-holonomic vehicle robots Nijmeijer, 1997, 1999) . Although the skid-steering robots cannot be represented in the strict feedback form, the backstepping method was used because of its systematic procedure. In 2012, the authors also have proposed a non-adaptive controller based on the backstepping method together with the dynamic surface control (DSC) technique (Swaroop et al., 2000) . However, it was found out later that the controller cannot achieve robust performance in the presence of large uncertainties with respect to cornering stiffness. This implies that adaptive control strategies are necessary to achieve better performance. Therefore, this paper presents an adaptive controller for a position tracking problem of a skid-steer mobile robot, by adding an estimator for the cornering stiffness to a non-adaptive controller. In order to deal with the complex multivariable parameter adaptation, there are many kinds of adaptive control methods including the conventional adaptive backstepping method and the 'Immersion and Invariance (I&I) methodology' which was recently proposed by Astolfi et.al (2003) and has been applied to many systems (for example, Fujimoto et al., 2010 ). Since we have already designed a non-adaptive controller, we employ the I&I methodology taking account of its modularity property which is one of the superior features compared to other conventional adaptive control that relies on the so-called certainty equivalence.
In order to reduce the skidding, the reference posture including not only a position but also a yaw angle generated by a kinematic model of a non-holonomic robot, i.e., without skidding, is introduced. This reference posture also makes it easy to construct a Lyapunov function candidate. However, since the number of control inputs is two, i.e. under-actuated, it is impossible to design any controller such that the tracking errors including yaw angle is asymptotically stable. Therefore it is shown from a practical point of view that the closed-loop system can be uniformly ultimately bounded.
The organization of the paper is as follows. The state space model to design a tracking controller is derived in Section2 . In Section 3, an adaptive controller is designed by the backstepping method and the I&I approach. In Section 4, simulation results illustrate the effectiveness of the proposed controller. Finally, Section 5 concludes with some comments. 
Mathematical model and problem formulation
The kinematic model of the vehicle can be represented as follows (see Fig.1 
On the other hand, the dynamic model is represented as
Now we assume that the side force is approximately given by As shown in Fig.2 , the plant to be controlled is not represented in the so called strict-feedback form. This fact makes it challenging to design a controller for skid-steering vehicles.
Assuming that the total tractive force ( ) x F t and the moment ( ) x M t generated by the difference in the tractive force on either side can be used as the control inputs, we design a nonlinear dynamic controller based on the back stepping method. Taking account of the closed-loop stability, which has not been guaranteed yet, we use not only the reference position ( , ) r r X Y but also the reference yaw angle r φ , which is generated by
This dynamics for the reference signals can be seen as non-holonomically constrained kinematics of two wheeled vehicle without skidding (Yokoyama, 2013) . Thus, it is impossible to render the tracking error vector defined as cos sin 0 sin cos 0
asymptotically stable, but possible to make it bounded. Differentiating Eq. 
By using the change of state variable sin z e φ  to simplify the controller design, Eq. (9) 
Controller design
The design procedure of an adaptive controller is twofold. First, a non-adaptive controller is designed based on the back-stepping method, under the assumption that the cornering stiffness is known in advance. The resulting controller is the same as one in our earlier work (Tobe et al., 2012) except for the DSC technique. After that, the I&I-based estimator for the cornering stiffness is designed.
Non-adaptive controller STEP1
Let ( ) 
It should be noted that this function is not negative definite due to the last term on the right hand side. However, we will leave it and continue to design a controller. As mentioned earlier, we cannot establish asymptotical stability but aim to guarantee ultimate boundness.
STEP2
Define 
For the control inputs x F and 
The control law given by Eq.(23) includes y M represented by Eq.(6), which is the moment generated by the side forces yi F . Therefore, the cornering stiffness i C is required to implement the control law. However, it is not easy to get their values precisely in advance. Therefore an estimator for them will be designed in the next subsection. Furthermore, due to the last term in Eq.(24), this function is not negative definite. Thus, even if the cornering stiffness is known in advance, the asymptotical stability of the closed loop system cannot be guaranteed because of being under-actuated. However, sufficient conditions for ultimate boundness of the adaptive system will be given in the next section.
I&I-based estimator
The equation of yaw motion given by the third raw of Eq.(2) can be rewritten with the cornering stiffness using Eqs.(3), (4) and (6). 
[ ] 
which will be designed later, ( , ) β x c also will be designed later, and x is composed of accessible states for control. Since the cornering stiffness is unknown, the control law given by Eq.(23) should be modified by using its estimate. Noting that the estimate of ( , ) | ( , ) 0
The rest of design procedure is to determine the update law ( , ) w x c and the nonlinear function ( , ) β x c such that the closed-loop trajectory in the augmented state space converges to this manifold. To this end, we restrict ( , ) β x c in a class of functions of only ς , i.e. ( ) β ς , and consider the estimation error dynamics. Differentiating Eq.(27) with respect to time and using Eqs. (28) and (32), it follows
In order to cancel the known quantities on the right hand side, taking the update law as
and substituting it into Eq.(34), it follows
Then, by inspection of the first term, the following nonlinear function is determined. 
If the second term did not exist, it could be guaranteed that the closed-loop trajectory would converge to the manifold defined by Eq. (33), which implies the estimation error does not affect the tracking performance asymptotically as seen from Eq.(32). Actually, in such a case, it can be proven that p L ∞ ∈ e and 2 p L ∈ ςe for any control (see Appendix in more details). Instead, the following theorem for ultimate boundness can be established.
Theorem : The closed-loop system designed above, where the adaptive control law is given by Eqs. (22), (30) together with the parameter estimator given by Eqs. (28), (35), (37), can be uniformly ultimately bounded under some conditions with respect to the design parameters.
Proof: See Appendix

Numerical simulation
In order to investigate the validity of the proposed controller, numerical simulation was carried out. The parameter values of the vehicle robot are as follows:
The nominal value of the cornering stiffness C was set to be 200 N/rad , which was used as the initial values of the estimates in the estimator, and the actual cornering stiffness was perturbed from the nominal value as follows: γ necessary for Eq. (7) were generated such that the robot would make a steady-state turn. The robot was initially at rest. Figure 3(a) shows the trajectory with the non-adaptive controller designed by the method described in the section 3.1, where the nominal value of the cornering stiffness was used. It can be seen that this controller cannot achieve robust tracking in the presence of large uncertainties with respect to the cornering stiffness. As shown in Fig.3(b) , on the other hand, the proposed adaptive controller achieved robust tracking. Figure 4 shows the estimates of the cornering stiffness, where there are large estimation errors. This is probably because of the second term in Eq. (38) and lack of the so-called persistent excitation. As shown in Fig.5 , however, the nonlinear function ( , ) p σ ς e which prescribes the manifold in Eq.(33) almost converges to zero. As described in the previous section and the remarks in Appendix, this means that the yaw motion is approximately controlled by only the input st u which is independent on the cornering stiffness, and thus not affected by the estimation errors (see Eq.(32)) as expected. As shown in Fig.6 , the control inputs are oscillatory till about 5 sec, which corresponds to the time history of the nonlinear function ( , ) p σ ς e in Fig.5 . Because the parameter estimates 2 C and 4 C approach the actual values gradually till the almost same time, it can be seen that the adaptive function in the system mainly achieved during this period.
In summary, it was proven that the extended state variables including the parameter estimation error converged to the region of ultimate boundness (see Appendix for detail). γ necessary for Eq.(7) were generated such that the robot would make a steady-state turn. While the non-adaptive system cannot track the reference, the adaptive system can make it with less tracking error. 
Conclusions
This paper has discussed an adaptive controller for a position tracking problem of a skid-steer mobile robot. Although the mobile robot is not non-holonomically constrained because of skidding behavior, the reference signals were generated by a non-holonomically constrained kinematic model of the same mobile robot. Thanks to these reference signals, a non-adaptive control law was straightforwardly designed by the back-stepping method in spite of non-strict-feedback system, constructing a Lyapnov function candidate. Then, noting that the approximated model of side force was linear with respect to the cornering stiffness, an estimator for them was designed based on the Immersion and Invariance (I&I) approach, where the manifold was properly designed to reduce the effect of the estimation error on the tracking performance. Although the asymptotical stability of the closed-loop system cannot be guaranteed because of under-actuated system, it was shown from a practical viewpoint that the closed-loop system can be uniformly ultimately bounded. Furthermore, numerical simulation showed the effectiveness of the proposed controller. (A-5) ) is a scaled 4 V , because we have designed the non-adaptive control to get it on purpose through the backstepping procedure. To deal with this difficulty, the subset 2 B in 1 B , was introduced in the proof.
Appendix
